The electronic structure of recently synthesized square superlattices with atomic coherence composed of PbSe, CdSe, or CdTe nanocrystals (NCs) attached along {100} facets is investigated using tight-binding calculations. In experimental realizations of these systems [W. H. Evers et al., Nano Lett. 13, 2317], NC facets are atomically bonded, resulting in single-crystalline sheets, which, due to their nanogeometry, have an effective dimensionality below two. We predict electronic structures composed of successive bands formed by strong coupling between the wave functions of nearest-neighbor NCs. This coupling is mainly determined by the number of atoms at the NC bonding plane. The band structures deviate markedly from that of the corresponding two-dimensional (2D) quantum well; the 2D case can be recovered, however, if the effects of the nanogeometry are gradually reduced. The width of the bands can reach hundreds of meV, ascribing highly promising transport properties to square superlattices. The band edges are located at k = 0 except for PbSe superlattices, where their position in k space surprisingly depends on the parity of the number of {100} atomic planes in the NCs. Our calculations demonstrate that semiconductors with dimensionality below two have a strong potential for (opto-)electronic, photovoltaic, and spintronic applications.
I. INTRODUCTION

A. Two-dimensional semiconductors
Two-dimensional (2D) semiconductors have been extensively investigated during the past few decades due to their wide variety of applications in transistors, solar cells, photodetectors, light emitting diodes, and lasers [e.g., Ref. 1 and references therein]. Recently the scientific interest in 2D systems, in which carriers experience confinement in one dimension but are allowed to move freely along the other two directions, has experienced a considerable rise owing mainly to the emergence of graphene 2 and topological insulators. 3, 4 Up to date, most experimental studies on crystalline 2D semiconductors have focused on III-V and II-VI materials grown by gas phase methods in high vacuum, such as molecular beam epitaxy. 5 These approaches have been extremely successful but their technological applications are often limited by their high cost and technical requirements. In addition, the presence of strain between the film and substrate materials significantly affects their electronic properties and may hinder exploitation of their full potential. These impediments could be surpassed by recent achievements in wet-chemical semiconductor fabrication based on nanocrystalline colloids. This is exemplified, for instance, by the synthesis of remarkable 2D Cd-chalcogenide platelets (suspended in solution) with a thickness controlled at the atomic level. 6, 7 
B. Square superlattices
In the present paper we consider planar semiconductor sheets realized by facet-specific oriented attachment of colloidal nanocrystals (NCs), a new approach recently reported by Evers et al. 8 Due to atomic bonding of particular facets and the specific truncated nanocube shape of the building blocks, the resulting planar sheets show a square nanogeometry, i.e., a square periodic structure of holes, and will be hereafter called square superlattices. Examples of square superlattices of PbSe and CdSe are presented in Fig. 1 . We should remark here that these systems are atomically coherent and thus show strong electronic coupling between the building blocks. 8 Quite similar superlattices with square nanogeometry were recently reported by another group. 9 The calculations below will show that the band structure deviates from that of genuine 2D semiconductors, and that these systems in fact correspond to a dimensionality that can gradually decrease below 2, depending on the nanogeometry. The synthesis of square superlattices comprising rock-salt PbSe NCs was accomplished through NC self-assembly and facet-specific atomic attachment. Conversion of the rock-salt PbSe square superlattices into zinc-blende CdSe by a Cd-for-Pb cation exchange has also been demonstrated. 8 With the same procedure, formation of 2D PbTe (CdTe) superlattices is plausible. 10 We should remark here that in these systems the contact region between two nanocrystals is formed by the defect-free lattice itself; hence there is no electronic barrier between the nanocrystals in the system. This is different from the well-studied self-assembled nanocrystal superlattices in which the nanocrystals are separated by an organic or inorganic barrier, resulting in a much weaker coupling. [11] [12] [13] [14] [15] [16] The strict and commonly used classification of semiconductors into 0D quantum dots, 1D rods, and 2D quantum wells has overlooked the remarkable effects of a more complex nanogeometry on the electronic structure. In the present case of square superlattices, this electronic structure is also determined by the nanogeometry, i.e., the periodic array of holes in FIG. 1. TEM images of (a) PbSe and (b) CdSe square lattices consisting of atomically connected semiconductor truncated nanocubes with a size of 6 nm. In the left insets HAADF-STEM images along the 100 axis are shown, clearly indicating the atomically defined crystalline connection between the NCs. The right insets are electrodiffractograms of an area >1 μm 2 demonstrating the long-range atomic order of the crystal. the planar structure, which depends on the size and shape of the building blocks used in the self-assembly. Besides the nanogeometry, the atomic structure of the semiconductor itself (zinc-blende for CdSe and CdTe, rock-salt for PbSe) is important. That both the nanogeometry and the atomic lattice are important in the electronic structure has also been demonstrated in our recent study of artificial graphene superlattices of PbSe, CdSe, and CdTe NCs 10 obtained by the same kind of synthesis. 8 In bulk, CdSe and CdTe have a direct gap above 1.5 eV at the point of the Brillouin zone. In contrast, bulk PbSe has a small gap of 280 meV at 300 K 17 at the L point of the Brillouin zone, which makes it interesting for near-infrared optoelectronics applications. From a theoretical viewpoint, the fundamental properties of CdSe and CdTe NCs have been studied for several decades, [18] [19] [20] [21] [22] [23] 18, 24 ensuring transferability of the parameters for investigating the electronic structure of semiconductor nanostructures. 33 Presently used tight-binding parameters for PbSe are taken from Ref. 24 , those for zinc-blende CdSe and CdTe are given in Appendix A. Spin-orbit coupling is included. In the case of zinc-blende CdSe and CdTe superlattices, surfaces are saturated by pseudohydrogen atoms in order to avoid states induced in the band gap due to surface dangling bonds. For rock-salt PbSe nanostructures, surface passivation is not necessary. 24 Due to the large size of the systems considered (up to 15 × 10 3 atoms and 3 × 10 5 atomic orbitals per unit cell), the numerical methods described by Niquet et al. 34 are used to calculate near-gap eigenstates.
B. Geometry of the superlattices
Square superlattices are modeled in accordance with the experimental realizations of Evers et al., 8 i.e., 2D lattices of 001 -oriented PbSe, CdSe, or CdTe NCs attached via perpendicular {100} facets ( Figs. 1 and 2 ). Each NC has the form of a truncated nanocube, comprising 6 {100}, 8 {111}, and 12 {110} facets. The positions of the vertices of the NC shape are given by P [±1, ± (1 − q), ± (1 − q)], where [±1, ± 1, ± 1] indicate the position of the six corners of the original nanocube (q = 0), q 1 is the truncation factor, and P represents all possible permutations. Realistic NC shapes are considered, having truncations q between 0.25 and 0.5. 8 The system unit cell includes a single NC, attached to its periodic images along two orthogonal 100 directions. The NC size is defined by the number of atomic biplanes along 100 directions and the length of the vectors delineating the superlattice is na where n is an integer and a is the lattice parameter (0.612 nm for PbSe, 0.608 nm for CdSe, and 0.648 nm for CdTe). NC sizes ranging from 2.4 to 7.4 nm were assessed for all materials considered.
III. RESULTS FOR SUPERLATTICES OF CdSe
A. Band structure: Conduction bands
First, we consider square superlattices of zinc-blende CdSe (CdTe) as these systems have a simpler band structure of the bulk materials compared to rock-salt PbSe. In Figs. 3(a) and 3(d) the electronic structure of a CdSe NC superlattice without truncation (q = 0), i.e., a uniform 2D film, is presented and The electronic structure of the uniform film (q = 0) is characterized by bands which are very dispersive on a wide energy range because carriers are totally free to move in two directions. The bands are just folded back in the Brillouin zone of the superlattice (see also Appendix B). When the nanocubes are truncated, assembly results in a planar quasi-2D system with a periodic array of holes. In that case, the electronic structure is characterized by multiple bands, as expected for superlattices. 35 The truncations induce periodic scattering of the electronic waves, opening gaps in particular at the center and at the edges of the superlattice Brillouin zone, exactly like when we consider quasifree electron bands starting from free electron ones. 33, 36 We show in Appendix B that the conduction band structure of the square superlattices can be easily deduced from the case of the uniform film if we define pseudopotentials which describe the effects of the truncations on the electron waves.
On the other hand, results on the superlattices of truncated NCs can be also interpreted starting from the limit of individual NCs [Figs. 3(c) and 3(f)]. Each individual NC is characterized by discrete energy levels as a consequence of the strong quantum confinement. Facet-to-facet atomic bonding of the NCs induces strong coupling between the wave functions of first-nearest neighbor NCs and the system can be perceived as a single quasi-2D crystal yet with a superimposed nanogeometry. The bands are formed exactly like bands in solids that are strictly 2D, arising from the coupling between atomic orbitals.
B. Effective tight-binding model
In an alternative and more coarse fashion, the building blocks of the square superlattices can also be seen as "artificial" atoms. The conduction bands (CBs) can then be described using a simple effective tight-binding Hamiltonian characterized by a spin-degenerate electron state with a 1S envelope wave function and by three spin-degenerate 1P excited states higher in energy (Fig. 4) . In this context, the on-site energies are E s and E p . All hopping terms, i.e., nearest-neighbor interactions, can be written in the two-center approximation as functions of four parameters (V ssσ , V spσ , V ppσ , V ppπ ) plus geometrical factors, following Slater and Koster. 37 It should be noted that 1S and 1P bands can be separately treated if V spσ = 0.
Using reasonable parameters, this simplified scheme explains quite well the results of sp 3 d 5 s tight-binding calculations [ Fig. 3(b) ]. The lowest CB stems mainly from the 1S wave functions of the NCs, while the bands higher in energy originate mostly from the 1P states. Comparing Fig. 4 with full tight-binding calculations [ Fig. 3(b) ], it is evident that weak hybridization between 1S and 1P orbitals takes place in the superlattices, the agreement being better when V spσ = 0 [ Fig. 4(b) ]. In addition, the almost dispersionless bands observed under full tight-binding calculations at ≈2.5 eV are due to weak coupling (V ppπ ) between 1P z states perpendicular to the lattice.
Based on the above, we conclude that the significant dispersion of the 1S (1P ) CBs in the uniform film is slightly reduced in NC superlattices due to the truncation which leads to a reduction in the number of atoms at the junction between neighbor NCs and enhanced scattering of the electronic waves. As a consequence, an opening of the gap between the 1S and 1P states in all high symmetry k points is recorded as we pass from the uniform film to the square superlattice. The truncation also induces a vertical shift of the bands due to increased quantum confinement. We have found that each CB is approximately centered on the energy of the corresponding states of the isolated NCs. Moreover weak hybridization between 1S and 1P orbitals is evident for both q → 0 and q = 0 cases.
C. Band structure: Valence bands
The above discussion is focused mainly on the CBs of CdSe NC superlattices since the valence bands (VBs) have a more complex behavior due to coupling between the anisotropic heavy-hole and light-hole bands induced by confinement. Hence their interpretation, especially starting from the limit of isolated NCs assembly is less trivial. However, an important 
IV. RESULTS FOR SUPERLATTICES OF CdTe
The electronic structure of square superlattices of CdTe NCs (Fig. 7) resembles that of CdSe. However, the strong intrinsic spin-orbit coupling in CdTe results in a considerable spin splitting not only in the VBs but also in the CBs, away from the high symmetry k points of the Brillouin zone. This momentum-dependent splitting may be due to the combined effect of bulk inversion asymmetry (BIA) 38 in the underlying zinc-blende lattice and asymmetry of the structure perpendicular to the superlattice, the so-called Rashba effect. 39 Such large spin splittings are not a special effect of the nanogeometry but occur similarly pronounced in CdTe quantum wells 40 and may be attractive for spintronic applications. 41 The BIA term is induced by the lack of a center of inversion in zinc-blende binary semiconductors, 38, 42, 43 whereas the structure inversion asymmetry term as already stated originates from the inversion asymmetry of the confining potential in, e.g., asymmetric quantum wells or bulk semiconductors under strain. In order to identify the origin of the spin splitting in our systems, we have calculated the band structures for two types of superlattices, respectively, symmetric and asymmetric with respect to the z axis. The asymmetric structure is just obtained from the symmetric one by removing the lowest plane of atoms. The spin splitting of the second CB at k = 0.5 M (where it is the largest) is displayed in Fig. 8 for the two configurations. It has a weak dependence on the number of atoms at the NC bonding plane but strongly increases at decreasing NC size. A large part of the spin splitting is already present in symmetric superlattices showing that it mainly comes from the BIA. The Rashba contribution, only present in the asymmetric case, is smaller but tends to increase for smaller size.
V. RESULTS FOR SUPERLATTICES OF PbSe
The case of square superlattices of rock-salt PbSe NCs is more complicated as evidenced in Fig. 9 24, 27 In addition, the overall behavior of the lowest CBs shown in Fig. 9(a) is similar to that of CdSe superlattices except that there is a manifold of four bands instead of one in CdSe. Like in CdSe, these bands are mainly formed by the coupling (V ssσ ) between 1S conduction wave functions of nearest neighbor PbSe NCs. The four 1S NC wave functions originate from the fourfold-degenerate CB of bulk PbSe at the L point of the Brillouin zone (eightfold degeneracy including the spin), the situation being symmetric in the VB. 24, 27 Higher energy CBs and lower energy VBs are due to the 1P and 1D NC wave functions (only four bands are shown in Fig. 9 for clarity) . The evident splitting between all the 1S (1P ) bands indicates that the energy and coupling of NC wave functions are not only defined by the symmetry of the envelope function 1S (1P ) but also by the underlying Bloch function which depends on the originating valley (intervalley splitting 24 ). The absence of translational symmetry due to the reduced dimensionality in the square superlattices induces coupling between states which originate from the different L valleys, whereas they are degenerate in bulk PbSe. The effect of intervalley coupling has been discussed in Refs. 24 and 28 for PbSe NCs, and has been extensively investigated in the case of Si nanostructures and Si/Ge heterostructures, 34, [44] [45] [46] [47] [48] [49] where an oscillating behavior of the intervalley splitting was found with well width, NC size.
The importance of valley effects on the band structure of the PbSe superlattices is also demonstrated when we compare Figs. 9(b) and 9(d) with Figs. 9(a) and 9(c) corresponding to two different NC sizes. We have found that, depending on the number n of {100} biplanes, being either an even or odd number, the position of the CB minimum and VB maximum alternates between and M. In fact, the 1S bands both in the CB and VB are completely reversed between the two situations, meaning that the sign of V ssσ changes with the parity of n. This can be elucidated by considering two atoms positioned at a distance na along a 100 direction. The phase of the Bloch function on the two atoms at the L point of the Brillouin zone (at k L ) is alternating for odd and even n as exp[ik L · (na,0,0)] ∝ cos(πn). This unusual behavior cannot take place in superlattices of semiconductors with band edges at and could be exploited for band engineering in superlattices of PbSe. Besides this surprising feature, the qualitative characteristics of the bands are the same for odd and even n.
VI. CONCLUSION
In summary, we have investigated the electronic structure in square superlattices of rock-salt PbSe or zinc-blende CdSe (CdTe) NCs attached via {100} facets. We have used a sp 3 d 5 s tight-binding method, which allows the examination of NC sizes accessible to experiment. In all cases, a rich electronic structure consisting of multiple dispersive bands is observed, which can be directly attributed to the nanogeometry imposed to the 2D crystalline sheets. The number of atoms at the neighboring NCs bonding plane, defined by their shape and size, is established as the critical parameter determining the width of the bands. These planar systems form a new class of semiconductor materials with a dimensionality that decreases gradually below two if the effects of the nanogeometry, i.e., the periodic array of holes, becomes more important. Still, a significant dispersion of both conduction and valence bands is predicted for all compounds, promising efficient bandlike transport of electrons and holes. This is unlike carrier transport in nanocrystal superlattices in which the nanocrystals are separated by an organic or inorganic barrier, resulting in a much weaker coupling. Our results designate square superlattices as a highly attractive template for photodetectors, solar cells, and field-effect transistors. Our calculations further reveal large spin splitting in the electronic structure of square superlattices of CdTe NCs. In the case of PbSe superlattices, the position in k space of the conduction and valence band edges depends on whether the number of biplanes of atoms in the NCs is odd or even. These results should stimulate further work on the topic including theoretical and experimental investigation of the transport properties of these systems. In particular, local scanning tunneling microscopy and spectroscopy should give important information on their electronic structure. In this Appendix we show that we can recover the band structure of the square superlattices starting from the limit of the uniform film (q = 0) if we introduce pseudopotentials which describe the effect of the periodic truncation. We consider for simplicity the case of the CB characterized in the bulk by an effective mass m . In the uniform film, minibands are formed due to the confinement. Their energy dispersion is given by E c n +h 2 k 2 /(2m ), where E c n is the bottom of the miniband n and k is the modulus of the in-plane wave vector k. We write k = K + G, where K is the wave vector in the reduced Brillouin zone of the superlattice and G is a reciprocal lattice vector [G = (i,j )2π/L, where L is the length of the square supercell, and i and j are integers]. The eigenvalues and eigenstates of the Hamiltonian H 0 for the uniform film are given, respectively, by
where r is the in-plane position vector and χ n (z) is the wave function along the transverse direction z. Figure 10(a) shows that Eq. (B1) reproduces quite well the results of the tight-binding calculations of Fig. 3(a) .
The potential V induced by the truncation (q = 0) on the electrons is periodic and therefore can be written in Fourier series as
We deduce that the matrix elements of V in the basis of the eigenstates for the uniform film [Eq. (B2)] can be simplified into which only depend on n, n and |G − G |. In addition, by symmetry, V only couples bands n and n with the same parity. If we look at the low-energy part of the band structure, we can write the matrix of H 0 + V in a limited basis of states n,G (K) (e.g., n = 1,2) and the terms V n,n |G − G | can be seen as parameters. Figure 10 shows that we can obtain a band structure behaving as in Fig. 3(b) for reasonable values of these parameters. A similar pseudopotential approach could be developed for holes using for example a k · p Hamiltonian.
